strongly conjectured that R(Tn, Wm) = 2n − 1 if the maximum degree of Tn is small and m is even. Related to the conjecture, it is interesting to know for which tree Tn, we have R(Tn, Wm) > 2n − 1 for even m. In this paper, we find the Ramsey number R(Tn, W8) for tree Tn with the maximum degree of Tn is at least n − 3, namely R(Tn, W8) > 2n − 1 for almost all such tree Tn. We also prove that if the maximum degree of Tn is large, then R(Tn, Wm) is a function of both m and n. In the end, we refine the conjecture of Chen et al. by giving the condition of small maximum degree.
Introduction
Let G be a graph with the vertex set V (G) and edge set E(G). All graphs in this paper are assumed to be finite, undirected, and simple graphs. The order of G is the number of vertices of G. The graph G, the complement of graph G, is obtained from the complete graph on |G| vertices by deleting the edges of G. Let U ⊆ V (G), G[U ] is the induced subgraph of G by U ; that is the maximal subgraph of G with the vertex set U . For v ∈ V (G) and U, W ⊆ V (G), we denote N U (v) = {u ∈ U : uv ∈ E(G)}, and E(U, W ) as the edges between U and W . The degree of a vertex v ∈ V (G) is denoted by deg(v). The maximum (minimum) degree of all vertices in G is denoted by ∆(G) (δ(G)), respectively.
Let K n be a complete graph on n vertices and let C n be a cycle on n vertices. Let T n be a tree, namely a connected graph with no cycle, on n vertices. A special tree called a star is denoted by S n , namely a tree on n vertices with maximum degree n − 1. Let W m be a wheel on m + 1 vertices that consists of a cycle C m with one additional vertex being adjacent to all vertices of C m . We use kG to denote the disjoint union of k copies of G. By using the same notation in [8] , denote by S n (l, m) a tree of order n obtained from S n−m×l by subdividing each of l chosen edges m times, and denote by S n (l) a tree of order n obtained from a star S l and S n−l by adding an edge joining their centers.
For two graphs G and H, a graph F is called (G, H)-good if F contains no G and F contains no H. Any (G, H)-good graph on n vertices is called a (G, H, n)-good. The Ramsey number R(G, H) is defined as the smallest positive integer n such that no (G, H, n)-good graph exists.
Chvátal and Harary (1972) studied the Ramsey numbers for graphs and established the lower bound: R(G, H) ≥ (χ(H) − 1)(c(G) − 1) + 1, where c(G) is the number of vertices of the largest component of G, and χ(H) is the chromatic number of H. If G = T n , H = W m and n ≥ m ≥ 3, we obtain R(T n , W m ) ≥ 2n − 1 for even m, and R(T n , W m ) ≥ 3n − 2 for odd m.
The Ramsey Number R(T n , W m )
Related to the revised conjecture proposed by Chen et al. in [8] , it is interesting to know for which tree T n we have R(T n , W m ) > 2n − 1 for even m. The first main result deals with the Ramsey number R(T n , W 8 ) for all trees T n with ∆(T n ) ≥ n− 3 other than a star, as stated in Theorem 2.1. In the second main result, we derive a general lower bound for R(T n , W m ) for trees T n with large maximum degree and even m. This lower bound is a function of both m and n. The third main result discusses the conjecture given by Chen et al., we refine this conjecture by providing the condition of small maximum degree for tree T n .
Trees T n with ∆(T n ) ≥ n − 3 will be isomorphic to either S n , S n (1, 1), S n (1, 2), S n (2, 1), or S n (3).
; n ≥ 5
• R(S n (1, 2), W 8 ) = 2n , n ≡ 3 (mod 4) 2n + 1, n ≡ 3 (mod 4)
; n ≥ 8
• R(S n (2, 1), W 8 ) = 2n − 1, n ≡ 1 (mod 2) 2n , n ≡ 0 (mod 2) ; n ≥ 8
, n ≡ 0 (mod 2) ; n ≥ 8
The proof of Theorem 2.1 is given in the last section. For R(S n , W 8 ), see Theorems 3.1 and 3.2. It has been showed in [8] , R(S n (1, 1), W m ) is a function of both m and n, for even m. Precisely, R(S n (1, 1), W m ) ≥ 2n + m/2 − 3 for even m and n = km/2 + 3 for any integer k ≥ 2. It is not a big surprise that the values of R(S n (1, 2), W m ), R(S n (2, 1), W m ), and R(S n (3), W m ) depends on both m and n.
For even m ≥ 8, and n ≡ 4(mod m/2), define G = H ∪ K n−1 with H = ( 2n+m−8 m )K m/2 . Then, G is a (T, W m , 2n + m/2 − 5)-good graph for any tree T with ∆(T ) ≥ n − 3. Hence we have the following theorem. Moreover, we could modify the graph H above to obtain a lower bound for the other values of n. The modification of H could be done by keeping certain properties such as the graph H is (n−4)-regular and order n − 4 + m/2. The graph H is also an union of some graphs with each has order less than m. For instance, if n ≡ 2 (mod m/2), we could define H = K m/2−1,m/2−1 ∪ ( 2n−4 m )K m/2 . In this case, we can easily verify the following theorem. Theorem 2.3. For trees T n with ∆(T n ) = n − 3, n ≡ 2 (mod m/2) and even m ≥ 8, R(T n , W m ) ≥ 2n + m/2 − 4.
For even m and 1 ≤ t ≤ m/2 − 2, we can get a lower bound for R(S n (1, 2t), W m ) by defining G = H ∪ K n−1 with H = ( 2n+m−2t−4 m )K m/2 for n ≡ t + 2 (mod m/2). Since G is a (S n (1, 2t), W m , 2n + m/2 − t − 3)-good graph, we have the following theorem. In [7] , it is conjectured that for every tree T n other than a star and n > m, the Ramsey number R(T n , W m ) is equal to the Chvátal-Harary bound (R(T n , W m ) = 2n − 1 for even m ≥ 6, and R(T n , W m ) = 3n − 2 for odd m ≥ 7). For odd m, the conjecture is true for n ≥ m+1 2 ≥ 3 [4] and for all ES-Trees which is believed to be all Trees [13] . However, the conjecture must be refined for even m, see Theorem 2.1 and [8] . In 2004, Chen et al. believed that the conjecture is true for even m if T n has small maximum degree. However they did not specify the condition of "small" maximum degree. In this paper, we provide a refinement of the conjecture by giving the condition of small maximum degree as follows.
Conjecture 2.1. For even m and n > m ≥ 4,
The conjecture is true for m = 4 ( [7] ) and m = 6 ([9, 10, 11]). We cannot increase the condition of the maximum degree because Theorem 2.4 gives the following corollary.
Proof of Theorem 2.1
We give some known Ramsey number and lemmas we use to prove Theorem 2.1. [8] Let G be a graph of order n ≥ 6 with δ(G) ≥ n − 3, then G contains S n (3) and S n (2, 1). Lemma 3.2. Let G be a graph of order 2n, n ≥ 8. If G contains S n (1, 1) and G contains no W 8 , then G must contain S n (1, 2), S n (2, 1) and S n (3).
Proof. Let G be a graph satisfying the above assumptions. Let {u 0 , u 1 , · · · , u n−1 } be the set of the vertices of S n (1, 1) in G with u 0 as the hub and u 0 u 1 ,
First, we prove that G contains S n (2, 1). Assume G contains no S n (2, 1) then E(U, W ) = ∅ and
. This implies that the subgraph of G induced by {w 1 , w 2 , w 3 , w 4 , u 2 , u 3 , u 4 , u 5 , u 6 } contains a W 8 with the hub w 1 and w 2 u 2 w 3 u 3 w 4 u 4 u 5 u 6 w 2 as the cycle, a contradiction.
Next we prove that G contains S n (3). Assume G contains no S n (3) then N (u 1 ) ⊆ {u 0 , u n−1 } and |N W (u i )| ≤ 1 for i ∈ [2, n − 2]. Since E(U, W ) ≤ n − 3 and |W | = n ≥ 8, there exist w 1 , w 2 , w 3 , w 4 with N U (w i ) ≤ 1 for i = 1, 2, 3, 4. This means that the subgraph of G induced by {u 1 , u 2 , u 3 , u 4 , u 5 , w 1 , w 2 , w 3 , w 4 } contains a W 8 with u 1 as the hub, a contradiction.
Finally we prove that G contains S n (1, 2). Assume G contains no S n (1, 2), then N (u n−1 ) ⊆ {u 0 , u 1 } and |N U (w)| ≤ 1 for each vertex w ∈ W . If there is a vertex in U with at least 3 neighbors in W , say {w 1 , w 2 , w 3 } ⊆ N W (u 2 ), then the subgraph of G induced by {u 3 , u 4 , u 5 , u 6 , u n−1 , w 1 , w 2 , w 3 , w 4 } contains a W 8 with u n−1 as the hub, a contradiction. If there is no vertex in U with at least 3 neighbors in W then any four vertices u 2 , u 3 , u 4 , u 5 in U and any four vertices w 1 , w 2 , w 3 , w 4 in W together with u n−1 will induce a S n (1, 2) in G with u n−1 as the hub, a contradiction. Lemma 3.3. If G be a graph of order n ≥ 9 with δ(G) ≥ n − 4 and ∆(G) ≥ n − 3, then G contains S n (3) and S n (2, 1).
Proof. Let V (G) = {w 1 , w 2 , · · · , w n } and w 1 be the vertex with degree at least n−3 and w 4 , w 5 , · · · , w n ∈ N (w 1 ). First, we prove that G contains a S n (3). If
Next, we prove G contains a S n (2, 1). Since δ(G) ≥ n − 4 and n ≥ 9, we have deg(w i ) ≥ 5 for all i. Therefore |N (w 1 ) ∩ N (w 2 )| ≥ 3 and |N (w 1 ) ∩ N (w 3 )| ≥ 3. It is not hard to see that G contains a S n (2, 1).
We will divide Theorem 2.1 into smaller theorems and prove each of them separately. Theorem 3.3. R(S n (1, 1), W 8 ) = 2n + 1 for odd n ≥ 5.
Proof. Let us consider the graph G = ( n+1 4 )K 4 ∪ K n−1 , for n ≡ 3(mod 4) and G = K 3,3 ∪ ( n−5 4 )K 4 ∪ K n−1 , for n ≡ 1(mod 4). It is obvious that G contains no S n (1, 1) and G contains no W 8 . Hence, we have that R(S n (1, 1), W 8 ) ≥ 2n + 1 for odd n.
In order to show that R(S n (1, 1), W 8 ) ≤ 2n + 1 for odd n ≥ 5, consider any graph G of order 2n + 1 containing no S n (1, 1) and W 8 ⊆ G. First, we will show that G must contain a S n−1 . In the case of n ≥ 7, by Theorem 3.1 we obtain that R(S n−1 , W 8 ) = 2(n − 1) + 2 = 2n for odd n ≥ 7. Since G contains no W 8 , then G must contain a S n−1 . Now, consider if n = 5. For a contradiction, assume that G contains no S 4 . Then, it implies that ∆(G) ≤ 2, and so δ(G) ≥ 8. Now, consider the graph G. Let v be a vertex in G and let A = {v 1 , v 2 , · · · , v 8 } ⊆ N G (v). Every vertex in A has at least 8 neighbours di G. Since there are only 3 vertices in G that are not in A, then every vertex in G[A] have at least 5 neighbours in G[A], so ∆(G[A]) ≥ 5. In [1] , Bondy showed that if a graph G 1 with n 1 vertices have δ(G 1 ) ≥ n 1 /2, then G 1 contains a cycle of any order less or equal to n 1 or G 1 = K n1/2,n1/2 for even n 1 . Therefore G[A] contains a C 8 or G[A] = K 4,4 . Since K 4,4 contains a C 8 , then G contains a W 8 , a contradiction. Hence, G contains a S n−1 (for n = 5).
Let U = {u 0 , u 1 , u 2 , · · · , u n−2 } be the set of vertices of S n−1 in G with u 0 as the center. Let W = {w 1 , w 2 , · · · , w n+2 } be the set of all vertices in V (G) − U . Since G contains no S n (1, 1), then E(U, W ) = ∅. Now, consider the following two cases.
Since n ≥ 5 and δ(G[W ]) ≥ n − 2, w n has at least 3 neighbours in G[W ], then w n have at least a neighbour in N G (w 1 ) which makes a S n (1, 1) in G[W ], a contradiction. Proof. Consider the graph G = 2K 4 ∪ K n−1 for n = 8 and G = C n ∪ K n−1 for n = 8. Then, G contains no S n (1, 1) and its complement contains no W 8 . Hence, R(S n (1, 1), W 8 ) ≥ 2n. Now, to show that R(S n (1, 1), W 8 ) ≤ 2n for even n ≥ 6, consider any graph G of order 2n containing no S n (1, 1) and W 8 ⊆ G. By Theorem 3.2, we obtain that R(S n−1 , W 8 ) = 2(n − 1) + 1 = 2n − 1 for even n. Since G contains no W 8 , then G contains a S n−1 . Let U = {u 0 , u 1 , u 2 , · · · , u n−2 } be the set of vertices of S n−1 in G with u 0 as the center. Let W = {w 1 , w 2 , · · · , w n+1 } be the set of all vertices in V (G) − U . Since G contains no S n (1, 1), then E(U, W ) = ∅. Now, consider the following cases.
, then the induced subgraph in G by {u 1 , u 2 , u 3 , u 4 , w 1 , w 2 , w 3 , w 4 , w 5 } will contain a W 8 with the hub w 1 , a contradiction.
has a vertex of degree at least n − 2, say w 1 , and let N G (w 1 ) = {w 2 , w 3 , · · · , w n−1 }. Since n ≥ 6 and δ(G[W ]) ≥ n − 3, w n has at least 3 neighbors in G[W ]. Hence, one of neighbors of w n is in N G (w 1 ) and it induces a S n (1, 1) in G[W ], a contradiction. Therefore, G[W ] must be (n − 3)-regular. But, this is not possible since the order of G[W ] is odd, a contradiction.
Corollary 3.1. Let G be a graph of order 2n containing no S n (1, 1) with n ≥ 6. If G contains no W 8 then n is odd and G = G 1 ∪ G 2 with G 1 is a graph of order n − 1 and G 2 is a regular graph of degree n − 3.
Proof. Let G be a graph of order 2n satisfying the above assumption. By Theorem 3.4, n must be odd. Theorem 3.1 states that R(S m−1 , W 8 ) = 2m for odd m. Since G contains no W 8 and |V (G)| = 2n then G must contain S n−1 by Theorem 3.1. Now, by a similar argument as in the proof of Theorem 3.4, we obtain G = G 1 ∪ G 2 with G 1 is a graph of order n − 1 and G 2 is a regular graph of degree n − 3. Proof. Consider G = ( n 4 )K 4 ∪ K n−1 for n ≡ 0 (mod 4) and G = K 3,3 ∪ ( n−6 4 )K 4 ∪ K n−1 for n ≡ 2(mod 4). Then, G contains no tree T with ∆(T ) ≥ n − 3 and its complement contains no W 8 . Hence, we have R(S n (1, 2), W 8 ) ≥ 2n, R(S n (2, 1), W 8 ) ≥ 2n, and R(S n (3), W 8 ) ≥ 2n for even n. Now, for even n ≥ 8, let G be a graph of order 2n and assume G contains no W 8 . By Theorem 3.4, G contains S n (1, 1). By Lemma 3.2, G contains S n (1, 2), S n (2, 1), and S n (3). Hence R(S n (1, 2), W 8 ) = R(S n (2, 1), W 8 ) = R(S n (3), W 8 ) = 2n for even n ≥ 8. Proof. If G = ( n+1 4 )K 4 ∪K n−1 , then G contains no S n (1, 2) and its complement contains no W 8 . Hence, we have R(S n (1, 2), W 8 ) ≥ 2n + 1 for n ≡ 3 (mod 4). Now, for any n ≥ 7 and n ≡ 3 (mod 4), let G be a graph of order 2n + 1 and assume G contains no W 8 . By Theorem 3.3, G contains a S n (1, 1). By Lemma 2, G contains S n (1, 2). Hence, R(S n (1, 2), W 8 ) = 2n + 1 for n ≥ 7 and n ≡ 3 (mod 4). Theorem 3.7. R(S n (1, 2), W 8 ) = 2n for n ≥ 9 and n ≡ 1 (mod 4).
Proof. Let G = 3C 3 ∪ ( n−9 4 )K 4 ∪ K n−1 . Then, G contains no S n (1, 2) and its complement has no W 8 . Hence, we have R(S n (1, 2), W 8 ) ≥ 2n for n ≡ 1 (mod 4). Now, for any n ≥ 9 and n ≡ 1 (mod 4), assume for a contradiction G as a graph of order 2n containing no S n (1, 2) and G contains no W 8 .
If G contains S n (1, 1), then by Lemma 3.2, G contains a S n (1, 2) , a contradiction. Therefore G contains no S n (1, 1). By Corollary 3.1, we have G = G 1 ∪ G 2 , where G 1 is a graph of order n − 1 and G 2 is a (n − 3)-regular graph of order n + 1. Let V (W ) = {w 1 , w 2 , · · · , w n+1 } be the set of vertices of G 2 . Let N (w 1 ) = {w 2 , w 3 , · · · , w n−2 } and w n−1 , w n , w n+1 / ∈ N (w 1 ). For any i ∈ {n − 1, n, n + 1}, N (w i ) ∩ N (w 1 ) = ∅ because n ≥ 9. If (w i , w j ) ∈ E(G) for any i, j ∈ {n − 1, n, n + 1} then G[W ] contains a S n (1, 2). Therefore, the subgraph induced by {w 1 , w n−1 , w n , w n+1 } is isomorphic to K 4 . That means |W | must be a multiple of 4. But, this is not possible since |W | = n + 1 ≡ 2(mod 4). Proof. Consider G = 2K n−1 . Then, G contains no tree of order n and its complement contains no W 8 . Hence we have, R(S n (2, 1), W 8 ) ≥ 2n − 1 and R(S n (3), W 8 ) ≥ 2n − 1. Now for any odd integer n ≥ 9, let G be a graph of order 2n − 1 and assume G contains no W 8 . We will prove that G contains a S n (2, 1) and a S n (3). From Theorem 3.2, G contains a S n−2 . Now, consider the following cases. ∈ N (w 1 ). Then, there will be a W 8 in G with w 1 as its hub and the vertices u 1 , u 2 , u 3 , u 4 , w 2 , w 3 , w 4 , and w 5 as its cycle, a contradiction.
Therefore δ(G[W ]) ≥ n − 4. However, G[W ] cannot be (n − 4)-regular since n is odd. Therefore, there is a vertex of degree at least n − 3 in G[W ]. Therefore G[W ] contains a S n (3) and S n (2, 1) by Lemma 3.3.
contains a S n (2, 1) by Lemma 3.1, so δ(G[W ]) ≤ n − 4. Now, consider the following subcases: (a) If |N U (w 1 )| ≥ 3, then N (u 1 ) = {u 0 , w 1 }, since otherwise G contains a S n (2, 1). Since E(U ′ , W ′ ) = ∅, then we will have a W 8 in G with the hub u 1 and the cycle formed by the vertices u 2 , u 3 , u 4 , u 5 , w 2 , w 3 , w 4 , w 5 , a contradiction; (2, 1) . Since E(U ′ , W ′ ) = ∅, then G will contains a W 8 with w 1 as the hub and u 2 , u 3 , u 4 , u 5 , w 2 , w 3 , w 4 , w 5 forms its cycle, a contradiction;
. Then, again in G we will have a W 8 formed by the vertices w, w 1 , w 2 , w 3 , u 2 , u 3 , u 4 , u 5 , u 6 with w as the hub, a contradiction. Therefore, in any case G will contain a S n (2, 1).
Next, assume G contains no S n (3), then N (u 1 ) ⊆ {u 0 , w 1 } and |N W (u i )| ≤ 1 for i = 2, 3, 4, · · · , n− 2. Since E(U ′ , W ′ ) ≤ n − 3 and |W | = n ≥ 9, there exist four vertices w 2 , w 3 , w 4 , w 5 such that N U (w i ) ≤ 1. This implies that G contains a W 8 fomed by u 1 , u 2 , u 3 , u 4 , u 5 , w 2 , w 3 , w 4 , w 5 with u 1 as the hub, a contradiction. Therefore, G must contain a S n (3). Now, we will prove G contains S n (2, 1). Assume to the contrary, G contains no S n (2, 1). Since E(U, W ) = ∅, let u 1 w 1 ∈ E(G), U ′ = U − {u 1 }, and W ′ = W − {w 1 }. Since G contains no S n (2, 1), then E(U ′ , W ′ ) = ∅. Since δ(G[W ′ ]) ≤ n − 5, we have that ∆(G[W ′ ]) ≥ 4. Let w 2 be a vertex of degree δ(G[W ′ ]) and w 3 , w 4 , w 5 , w 6 ∈ N G[W ′ ] (w 2 ), then the vertices u 2 , u 3 , u 4 , u 5 , w 2 , w 3 , w 4 , w 5 , w 6 will form a W 8 in G with the hub w 2 , a contradiction, and hence G contains S n (2, 1).
Next, we prove that G must contain S n (3). Assume to the contrary that G contains no S n (3). Let a = max{|N U (w i )| : 1 ≤ i ≤ n + 1}. Let w n+1 be a vertex in W with a neighbours in U . Then, by a similar argument above, W 1 = W − {w n+1 } has a vertex w 1 with degree n − 5. Let w 2 , w 3 , w 4 , w 5 / ∈ N G[W1] (w 1 ). Consider the following cases. (a) a ≥ 3. Let u 1 , u 2 , u 3 ∈ N U (w n+1 ). Since G contains no S n (3) and N (u 0 ) = U , then there will be no edges between {u 0 , u 1 , u 2 , u 3 } and {w 1 , w 2 , w 3 , w 4 , w 5 }. Therefore, the vertices u 0 , u 1 , u 2 , u 3 , w 1 , w 2 , w 3 , w 4 , w 5 will form a W 8 G with the hub w 1 and u 1 w 2 u 2 w 3 u 3 w 4 u 0 w 5 u 1 as its cycle, a contradiction. (b) a = 2. Let u 1 , u 2 ∈ N U (w n+1 ). Since G contains no S n (3), then there will be no edges between {u 1 , u 2 } and {w 1 , w 2 , w 3 , w 4 , w 5 }. We could assume N U (w 1 ) ⊂ {u n−4 , u n−3 } since N U (w 1 ) ≤ a = 2. Since n ≥ 9, we could have u 3 / ∈ N U (w 1 ). Since G contains no S n (3), let N W1 (u 3 ) ⊆ {w 2 }. Therefore, the vertices u 1 , u 2 , u 3 , u 4 , w 1 , w 2 , w 3 , w 4 , w 5 will form a W 8 in G with the hub w 1 and u 1 w 2 u 2 w 3 u 3 w 4 u 0 w 5 u 1 as its cycle, a contradiction. (c) a = 1. Let N U (w 1 ) ⊆ {u n−3 }, then u 2 , u 3 , u 4 , u 5 / ∈ N U (w 1 ). Since a = 1, let N U (w i ) ⊆ {u i } for i = 2, 3, 4, 5. Therefore the vertices u 2 , u 3 , u 4 , u 5 , w 1 , w 2 , w 3 , w 4 , w 5 will form a W 8 in G with the hub w 1 and u 2 w 3 u 5 w 4 u 3 w 2 u 4 w 5 u 2 as its cycle, a contradiction.
